A marked graph diagram is a link diagram possibly with marked 4-valent vertices. S. J. Lomonaco, Jr. and K. Yoshikawa introduced a method of representing surface-links by marked graph diagrams. Specially, K. Yoshikawa suggested local moves on marked graph diagrams, nowadays called Yoshikawa moves. It is now known that two marked graph diagrams representing equivalent surface-links are related by a finite sequence of these Yoshikawa moves. In this paper, we provide some generating sets of Yoshikawa moves on marked graph diagrams representing unoriented surface-links, and also oriented surfacelinks. We also discuss independence of certain Yoshikawa moves from the other moves.
Introduction
By a surface-link we mean a closed 2-manifold smoothly (or piecewise linearly and locally flatly) embedded in the 4-space R 4 . Two surface-links are said to be equivalent if they are ambient isotopic. By an unoriented surface-link we mean a nonorientable surface-link or an orientable surface-link without orientation, while an oriented surface-link means an orientable surface-link with a fixed orientation.
A marked graph diagram (or ch-diagram) is a link diagram possibly with some 4-valent vertices equipped with markers; (1) L and L ′ are equivalent.
(2) D can be related to D ′ by a finite sequence of unoriented (oriented) Yoshikawa moves.
Using these terminologies, some properties and invariants of surface-links were studied in [2, 5, 6, 12, 13, 14, 15, 22 On many occasions it is necessary to minimize the number of Yoshikawa moves on marked graph diagrams when one checks that a certain function from marked graph diagrams defines a surface-link invariant. A collection S of unoriented (oriented, resp.) Yoshikawa moves is called a generating set of unoriented (oriented, resp.) Yoshikawa moves if any unoriented (oriented, resp.) Yoshikawa move is obtained by a finite sequence of plane isotopies and the moves in the set S.
The purpose of this paper is to provide some generating sets of Yoshikawa moves on marked graph diagrams representing unoriented surface-links, and also oriented surface-links. The Main Theorems are the following:
, Ω 8 }, the set of the moves illustrated in Fig. 3 . This is a generating set of unoriented Yoshikawa moves.
the set of the moves illustrated in Fig. 5 . This is a generating set of oriented Yoshikawa moves.
where Γ 1a , Γ 2b , Γ 2c , and Γ 3a are shown in Fig. 7 . This is a generating set of oriented Yoshikawa moves.
We remark that there are two types of oriented Reidemeister moves Ω 3 and Ω 3a of type III. One is a cyclic Ω 3 (or Ω 3a ) move of which the central triangle have a cyclic orientation. The other is a non-cyclic Ω 3 (or Ω 3a ) move of which the central triangle does not have a cyclic orientation. Theorem 1.3 gives a generating set S 1 of oriented Yoshikawa moves that contains a cyclic Ω 3 move Γ 3 . While Theorem 1.4 gives a generating set S 2 of oriented Yoshikawa moves that contains a non-cyclic Ω 3a move Γ 3a with all three positive crossings.
The rest of this paper is organized as follows. In Section 2, we review minimal generating set of classical Reidemeister moves. In Section 3, we recall the marked graph representation of surface-links. In Section 4, we prove Theorem 1.2. In Section 5, we prove Theorem 1.3 and Theorem 1.4. In Section 6, we discuss independence of certain Yoshikawa moves from the other moves.
Minimal generating sets of Reidemeister moves
In this section we recall minimal generating sets of classical Reidemeister moves from [19] . K. Reidemeister introduced three types of local moves on link diagrams and showed that any two link diagrams representing the same link are transformed into each other by a finite sequence of plane isotopies and the local moves as shown in Fig. 6 (cf. [20] ), nowadays called Reidemeister moves. Figure 7 : Oriented Reidemeister moves the moves in the collection S. A generating set S is said to be minimal if S does not properly contain any generating set. We remind the reader that the Reidemeister moves Ω 1 , Ω 2 , Ω 3 in Fig. 6 is a minimal generating set of unoriented Reidemeister moves, that is, all other Reidemeister moves Ω 1a and Ω 3a in Fig. 6 are obtained by a finite sequence of plane isotopies and the moves Ω 1 , Ω 2 , Ω 3 . We should remark that there are other minimal generating sets of unoriented Reidemeister moves. For example, the Reidemeister moves Fig. 6 is also a minimal generating set of unoriented Reidemeister moves, which seems to be considered in many literatures, for example [1, 7, 20] .
To deal with oriented link diagrams, depending on orientations of arcs involved in the Reidemeister moves, one may distinguish four different versions of each of the move Ω 1 , Ω 2 , Ω 3 and Ω 3a . For the future use, we here list the oriented Reidemeister moves and name all of them as shown in Fig. 7 .
It is obvious that any generating set of oriented Reidemeister moves must con-tain at least one oriented move of each of the moves Ω 2 and Ω 3 . In [18] , Olof-Petter Ostlund showed that any generating set of oriented Reidemeister moves has to contain at least two oriented moves of the move Ω 1 . Hence any generating set of oriented Reidemeister moves has to contain at least four moves. In [19] , M. Polyak introduced minimal generating sets of four oriented Reidemeister moves, which include two oriented Ω 1 moves, one or two oriented Ω 2 move and one oriented Ω 3 move (either a cyclic Ω 3 move or a non-cyclic Ω 3 move): 
(1) There are other generating sets for Reidemeister moves. In fact, the set of four oriented Reidemeister moves Γ 1 , Γ ′ 1 , Γ 2a and Γ 3 is also a minimal generating set of oriented Reidemeister moves.
(2) Theorem 2.2 implies that any generating set of oriented Reidemeister moves which includes the move Γ 3a contains at least five moves.
In the rest of the paper, we carefully deal with Yoshikawa moves on marked graph diagrams of surface-links in R 4 and provide generating sets of unoriented/oriented Yoshikawa moves, which are analogous to those of unoriented/oriented Reidemeister moves on diagrams of classical links in R 3 .
Marked graph representation of surface-links
In this section, we review marked graph diagrams representing surface-links. A marked graph is a spatial graph G in R 3 which satisfies the following:
(1) G is a finite regular graph with 4-valent vertices, say v 1 , v 2 , ..., v n .
(2) Each v i is a rigid vertex; that is, we fix a rectangular neighborhood N i homeomorphic to {(x, y)| − 1 ≤ x, y ≤ 1}, where v i corresponds to the origin and the edges incident to v i are represented by x 2 = y 2 .
(3) Each v i has a marker, which is the interval on N i given by
An orientation of a marked graph G is a choice of an orientation for each edge of G in such a way that every vertex in G looks like
. A marked graph G is said to be orientable if it admits an orientation. Otherwise, it is said to be non-orientable.
By an oriented marked graph we mean an orientable marked graph with a fixed orientation (see Fig. 2 ). Two oriented marked graphs are said to be equivalent if they are ambient isotopic in R 3 with keeping the rectangular neighborhood, marker and orientation. As usual, a marked graph can be described by a link diagram on R 2 with some 4-valent vertices equipped with markers.
For t ∈ R, we denote by R 3 t the hyperplane of R 4 whose fourth coordinate is equal to t ∈ R, i.e.,
t , t ∈ R (cf. [4] ). Let p : R 4 → R be the projection given by p(x 1 , x 2 , x 3 , x 4 ) = x 4 . Note that any surfacelink can be perturbed to a surface-link L such that the projection p : L → R is a Morse function with finitely many distinct non-degenerate critical values. More especially, it is well known [7, 9, 10, 17] that any surface-link L can be deformed into a surface-link L ′ , called a hyperbolic splitting of L, by an ambient isotopy of R 4 in such a way that the projection p : L ′ → R satisfies that all critical points are non-degenerate, all the index 0 critical points (minimal points) are in R 3 −1 , all the index 1 critical points (saddle points) are in R 3 0 , and all the index 2 critical points (maximal points) are in R 3
1 . Let L be a surface-link and let L ′ be a hyperbolic splitting of L. Then the crosssection L ′ 0 = L ′ ∩ R 3 0 at t = 0 is a spatial 4-valent regular graph in R 3 0 . We give a marker at each 4-valent vertex (saddle point) that indicates how the saddle point opens up above as illustrated in Fig. 8 . Now let D be a given admissible marked graph diagram with marked vertices v 1 , . . . , v n . We define a surface
where . Theorem 1.1 in Section 1 shows that a surface-link is completely described by its marked graph diagram modulo unoriented Yoshikawa's moves, and also shows that an oriented surface-link is completely described by its oriented marked graph diagram modulo oriented Yoshikawa's moves.
Proof of Theorem 1.2
To prove Theorem 1.2, it suffices to show that the mirror moves in Fig. 4 and the Reidemeister moves Ω 1a and Ω 3a in Fig. 6 are generated by the 10 moves in the set S in Theorem 1.2. This is going to be done in several steps. We begin with the following Lemma 4.1. The move Ω 4a is realized by Ω 2 , Ω 4 and plane isotopies. The move Ω ′ 4a is realized by Ω 2 , Ω ′ 4 and plane isotopies. Proof. See Fig. 10 .
, Ω 5 and plane isotopies. The move Ω 5b is realized by Ω 2 , Ω 5 and plane isotopies. The move Ω 5c is realized by Ω 2 , Ω 5a and plane isotopies.
Proof. See Fig. 11 . 
, Ω 8 } are also generating sets of unoriented Yoshikawa moves.
Proof of Theorem 1.3 and Theorem 1.4
We remind that the oriented Yoshikawa moves are the moves Ω i (i = 1, 2, . . . , 8) , Fig. 3, Ω 4a , Ω ′ 4a , Ω 5a , Ω 5b , Ω 5c , Ω 8a in Fig. 4 and orientations. On the other hand, by virtue of Theorem 1.2, we see that any such an oriented Yoshikawa move is generated by plane isotopies and some moves lie in the generating set 10 Yoshikawa moves with all possible orientations. In Section 2, we have discussed the oriented Reidemeister moves Γ 1 , Γ 2 , Γ 3 (see Fig. 7 ). Now it is easily seen that all possible Yoshikawa moves Ω 4 , . . . , Ω 8 , Ω ′ 4 , Ω ′ 6 with orientations are the oriented moves Γ 4 , . . . ,
in Fig. 5 and the moves Γ 4a , Fig. 13 . We note that the move Γ 5 with reverse orientation is the move Γ 5 itself. 
, Γ 6 and plane isotopies. The move Γ ′ 6a is realized by a finite sequence of the moves Γ ′ 1 , Γ 5 , Γ ′ 6 .
Proof. It follows from Fig. 17 that the moves Γ 6a is realized by the moves Γ ′ 1 , Γ 5a , Γ 6 and plane isotopies. By Lemma 5.2, the move Γ 5a is realized by a finite sequence of the moves
, Γ 5 and plane isotopies. This gives the assertion for Γ 6a . It is immediate from Fig. 17 that the move Γ ′ 6a is realized by a finite sequence of the moves Γ ′ 1 , Γ 5 , Γ ′ 6 . This completes the proof.
Lemma 5.4. The move Γ 7a is realized by a finite sequence of the moves
, Γ 7 and plane isotopies. 
, Γ 7 and plane isotopies. By Lemma 5.2, the move Γ 5a can be replaced with the moves
This gives the assertion of the lemma.
Lemma 5.5. The move Γ 8a is realized by a finite sequence of the moves Γ 2c , Γ 3c , Γ 3g , Γ 3e , Γ 5 , Γ 8 and plane isotopies. The move Γ 8b is realized by a finite sequence of the moves
, Γ 8a and plane isotopies. The move Γ 8c is realized by a finite sequence of the moves Γ 2b , Γ 3c , Γ 3e ,
, Γ 8a and plane isotopies. Proof. It is immediate from Fig. 19 that the move Γ 8a is realized by a finite sequence of the moves Γ 2c , Γ 3c , Γ 3g , Γ 3e , Γ 5 , Γ 8 and plane isotopies. This gives the assertion for Γ 8a . Now it follows from Fig. 21 that the move Γ 8b is realized by a finite sequence of the moves Γ 2b , Γ 3c , Γ 3e , Γ 3g , Γ 5a , Γ 8a . By Lemma 5.2, the move Γ 5a can be replaced with the moves
This yields the assertion for Γ 8b . Similarly, we obtain the assertion for the move Γ 8c (see Fig. 21 ). This completes the proof. Now let us complete the proof of Theorem 1.3 and Theorem 1.4.
Proof of Theorem 1.3. Let M be a move of the oriented Yoshikawa moves. From Theorem 1.2, we see that M without orientation is generated by the only 10 unoriented moves Ω i , Ω ′ i ∈ S. This gives that M is generated by the 10 moves
, Ω 8 with orientations. In Fig. 5 , Fig. 7 and Fig Proof of Theorem 1.4. Let M be a move of the oriented Yoshikawa moves. In the proof of Theorem 1.3, we see that M is generated by the 10 moves
, Ω 8 with orientations in Fig. 5 , Fig. 7 and Fig. 13 
} are all generating sets of oriented Yoshikawa moves.
Independence of Yoshikawa moves
For classical links in R 3 , it is well known that each Reidemeister move cannot be generated by the other two type moves, that is, a Reidemeister move is independent from the other types (cf. [16, Appendix A] ). For Roseman moves on broken surface diagrams of surface-links in R 4 , there also exist analogue results. Indeed, let L be a surface-link in R 4 and let π : R 4 → R 3 be the projection defined by π(x 1 , x 2 , x 3 , x 4 ) = (x 1 , x 2 , x 3 ). By a slight perturbation of L if necessary, we may assume that the restriction π| L : L → R 3 is a generic map, i.e., the sigularities of π| L consist of double point curves and isolated triple or branch points. The image π(L) in which the lower sheets are consistently removed along the double point curves is called a broken surface diagram of L. For more details, see [3, 7] . In [21] , D. Roseman proved that two surface-links are equivalent if and only if their broken surface diagrams are transformed into each other by applying a finite number of seven types of local moves on broken surface diagrams which are called the Roseman moves. In [24] , T. Yashiro proved that Roseman move of type 2 can be generated by the moves of type 1 and type 4. Recently, K. Kawamura showed that Roseman move of type 1 can be generated by the moves of type 2 and type 3, and for any i(i = 3, 4, 5, 6, 7), Roseman move of type i cannot be generated by the other six types, that is, Roseman move of type i is independent from the other six type moves [8] .
For Yoshikawa moves on marked graph diagrams, it is natural to ask whether each Yoshikawa move is independent from the other moves. In Theorem 1.2, we have
} is a generating set of all unoriented Yoshikawa moves. From now on we shall discuss the independence of each Yoshikawa move in S from the other moves in S.
Theorem 6.1. The Yoshikawa move Ω 1 is independent from the other moves in S.
Proof. It is clear that all moves in S except Ω 1 keep the parity of the number of crossings and the move Ω 1 changes the number of crossing by one and so does the parity. This gives that Ω 1 cannot be realized by the moves in S − {Ω 1 }. Proof. For all moves in S except the move Ω 3 , it is easily seen that the moves involves only one or two components. This straightforwardly gives that the moves contributing the value T (D) are performed in a region with the same color. Since the all moves contains even number of crossings, the parity of n(D i ) does not changed for each i = 1, 2, 3. This completes the proof. . Let ♯D denote the number of the components ofD. Then it is obvious that ♯D is an invariant of D under all Yoshikawa moves in S except the move Ω 7 . It is not difficult to find two marked graph diagrams D and D ′ that are differ by a single Ω 7 and satisfy ♯D = ♯D ′ . This gives an alternative proof of Theorem 6.7.
Corollary 6.8. Let Γ be an oriented Yoshikawa move in S 1 − {Γ 5 , Γ 8 } (S 2 − {Γ 5 , Γ 8 }, resp.). Then Γ is independent from the other oriented moves in S 1 (S 2 . resp.).
Proof. Suppose that Γ is realized by a finite sequence M 1 , M 2 , . . . , M k with k ≥ 1 and M i ∈ S 1 − {Γ} (S 2 − {Γ}. resp.) for all 1 ≤ i ≤ k. Let Γ and M i be the moves Γ and M i forgetting the orientations, respectively. Then we see that Γ is realized by the finite sequence M 1 , M 2 , . . . , M k . Since Γ ∈ S − {Ω 5 , Ω 8 } and M i ∈ S − {Γ}, we have a contradiction. This completes the proof.
We now close this section with the following four questions. If the answers of these questions are all affirmative, then the generating sets S, S 1 and S 2 are all minimal. Question 1. Is the Yoshikawa move Ω 4 independent from the other moves in S?
